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Abstract
The conformal-gauge two-dimensional quantum gravity is formulated in the frame-
work of the BRS quantization and solved completely in the Heisenberg picture: All n-
point Wightman functions are explicitly obtained. The eld-equation anomaly is shown to
exist as in other gauges, but there is no other subtlety. At the critical dimension D = 26
of the bosonic string, the eld-equation anomaly is shown to be absent. However, this
result is not equivalent to the statement that the conformal anomaly is proportional to
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1. Introduction
The theory of the bosonic string of a nite length can be consistently formulated
only at the critical dimension D = 26.
1
On the other hand, the two-dimensional quan-
tum gravity coupled with D scalar elds can be regarded as the string theory in the D-
dimensional spacetime, but in this case the string is not of nite length. In the confor-
mal gauge, the conformal anomaly proportional to D  26 is obtained in the functional-
integral formalism by Fujikawa's method based on the functional-integral measure.
2
For
covariant gauges (de Donder gauge and some other gauge xings involving dierential
operator), however, perturbative approach only has been available to deduce the con-
formal anomaly: The two-point function of the \energy-momentum tensor" exhibits a
nonlocal term proportional to D 26, which is identied with the conformal anomaly.
3{8
Such a term is obtained also in the perturbative approach to the conformal-gauge case.
In our previous paper,
9
we have thoroughly reexamined the derivations of the con-
formal anomaly in the covariant gauges. Our conclusions are as follows. The proper
framework of the two-dimensional quantum gravity formulated in the Heisenberg pic-
ture has no anomaly for any particular symmetry. Instead, it has a new-type anomaly,
called \eld-equation anomaly",
10
whose existence is conrmed also in some other two-
dimensional models.
11,12
By making use of the eld-equation anomaly, one can encounter
an anomaly for any particular symmetry such as the conformal anomaly at one's will .
Especially, the conformal anomaly proportional to D   26 is shown to be obtained by
employing a particular perturbative approach based on the conventional choice of the
B-eld, but of course this result has no intrinsic meaning in the Heisenberg picture.
The purpose of the present paper is to extend the consideration made in Ref.9 to
the case of conformal gauge. This is of particular interest because in the conformal gauge
the conformal anomaly is shown to be proportional to D   26 not only perturbatively
but also nonperturbatively as stated above. What are found in the present paper are
as follows. In the conformal gauge, we can explicitly construct all n-point Wightman
functions, which are consistent with the BRS invariance and the FP-ghost number
conservation. The eld-equation anomaly is shown to exist, and it is proportional to
D 26 though it is not equivalent to the conformal anomaly. There is no such ambiguity
of the critical dimension as was found in the covariant-gauge case. The perturbative
approach is shown to be inadequate, but it happens to yield the same value owing to
the speciality of the conformal gauge.
{ 2 {
The present paper is organized as follows. In Sec. 2, we present the BRS for-
mulation of the two-dimensional quantum gravity in the conformal gauge. In Sec. 3,
we show that the theory becomes much transparent by rewriting traceless symmetric
tensors into vector-like quantities. In Sec. 4, it is shown that further simplication is
achieved by introducing light-cone coordinates. In Sec. 5, all n-point Wightman func-
tions are explicitly constructed. In Sec. 6, the existence of the eld-equation anomaly is
demonstrated. In Sec. 7, the conformal anomaly is considered and its connection with
the eld-equation anomaly is discussed. The nal section is devoted to the discussion.
2. Basic formulation
We present the BRS formulation of the conformal-gauge two-dimensional quantum
gravity.
13











); ( 2.1 )
where 
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denotes the Minkowski metric and h
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: ( 2.3 )
It is important to note that deth






be the conventional BRS transformation and c
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): ( 2.7 )
a
The fth term of (2.6) is missing in Ref.13.
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For the FP ghost c

and scalar elds 
M





























be the B eld and the FP antighost, respectively; they are both traceless















= 0: ( 2.11 )
Now, the Lagrangian density of the conformal-gauge two-dimensional quantum
























































; ( 2.14 )
which does not involve the conformal degree of freedom, .
The eld equations which follows from (2.12) are as follows. First, we have
h

= 0: ( 2.15 )
The other eld equations can be simplied by using (2.15); especially, deth

does not


















































































= 0; ( 2.18 )

M
= 0: ( 2.19 )
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: ( 2.21 )
















































































): ( 2.26 )
3. Rewriting traceless symmetric tensors








, but their treat-
ment is rather inconvenient because of their tracelessness. It is more convenient to
rewrite them as if they were vectors.
Generically, let X










= 0: ( 3.1 )














= 1 for +  +   0 (mod.2)
= 0 for +  +   1 (mod.2): ( 3.2 )













: ( 3.3 )
{ 5 {

















































































: ( 3.9 )











































































= 0; ( 3.12 )






















: ( 3.13 )
Field equations (2.15), (2.16) and (2.17) become
h











































= 0; ( 3.16 )







= 0: ( 3.17 )








= 0: ( 3.18 )








= 0: ( 3.19 )
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As in the de Donder-gauge quantum Einstein gravity,
14,15




















= 0: ( 3.20 )
















) = 0: ( 3.22 )
From (3.21) and (3.22), we obtain many symmetry generators, most of which are spon-
taneously broken. Unfortunately, it is very dicult to nd the corresponding symme-
try transformations which leave the action invariant, because in the action we must not
use the eld equations, especially (3.14).
16











D(x  y): ( 3.23 )









































(y)] is calculated by this method or by using the BRS trans-
form, we obtain various expressions which apparently look dierent, depending on the
ways of calculation. This problem is resolved in next section.
4. Use of light-cone coordinates



















2: ( 4.1 )









is a function of x
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): ( 4.3 )





(y)] = 0 ( 4.4 )




. Furthermore, since there is a complete

























































; ( 4.7 )



































































































): ( 4.11 )
Evidently, (4.11) is obtained also as the BRS transform of (4.9).
5. Wightman functions
Since all two-dimensional commutation relations have explicitly been obtained,
we can calculate all multiple commutators. Then, according to the prescription
given in our previous papers,
17, 18;10;b













(x) denotes a generic eld.
b
For a summary, see Ref.9.
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It is natural to set all 1-point functions equal to zero. Then, as is seen from
multiple commutators, nonvanishing truncated n-point Wightman functions are those































); ( 5.1 )
where D
(+)










































; ( 5.3 )
































: ( 5.4 )













































































)]; ( 5.6 )





















































































































: ( 5.8 )
We extend the above analysis to the n-point functions. As (n   1)! independent

















) as the last member (k = n) vanish.
c
For Wightman functions of other orderings,  i0 is changed into +i0 appropriately (and a
minus sign is inserted for the exchange of c and c).
{ 9 {
It is easy to prove by mathematical induction that















































)] (n 3); ( 5.9 )





acts only on the right-hand factor among














































): ( 5.10 )






















































































(n 3); ( 5.11 )
where P (j
2
;    ; j
n 1




















+ i0 for j > k: ( 5.12 )







































use of (5.13), it is easy to show that











































































































































































. All mixed Wightman functions vanish.
If the BRS invariance is not broken, the following Ward-Takahashi identities must
hold:
















































































































; ( 5.16 )




















































































































: ( 5.17 )
We have explicitly conrmed for n = 3; 4 that (5.11) and (5.15) are indeed consistent










































































































































= 0: ( 5.18 )
The conrmation of (5.17) for n = 4 needs rather long calculation.
6. Field-equation anomaly
The existence of the eld-equation anomaly was found in the various massless two-
dimensional models
10{12
: One of eld equations is broken at the level of the representa-
tion in terms of state vectors, modulo a eld equation which is obtained from the origi-
{ 11 {
nal eld equation by dierentiating it once or twice but has the same degree of freedom
as its. In this section we discuss the eld-equation anomaly in the conformal-gauge two-
dimensional quantum gravity.




































= 0: ( 6.2 )







= 0: ( 6.3 )
























: ( 6.4 )
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6= 0: ( 6.8 )
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=  (D   26)
++
; ( 6.10 )
that is, we encounter the eld-equation anomaly because (6.2) is violated at the level
of Wightman functions. Of course, the once-dierentiated equation (6.3) is not broken
at all.







































6= 0. Thus the appearance of the eld-equation anomaly is unavoidable.

















































































































: ( 6.12 )
































or proportional to D   26.
In spite of the presence of the eld-equation anomaly, we can dene various sym-
metry generators so as to be free of its trouble. We here present the anomaly-free de-
nitions of the translation generator P

, the BRS generator Q
b




































































































; ( 6.15 )
















































: ( 6.18 )






































; ( 6.20 )
respectively.
{ 13 {
Since the terms involving T
+
suer from the eld-equation anomaly, we drop them.




































































: ( 6.23 )
7. Perturbative approach to the conformal anomaly
In this section, we review the perturbative approach to the conformal anomaly in
order to compare it with our exact results. Since L
GF





is nonpropagating in perturbation theory, and therefore it is customary to
discard it. Then the conformal-gauge two-dimensional quantum gravity reduces to a



















































): ( 7.1 )
One then introduces a background eld g^








































































)]: ( 7.2 )

























) ( 7.3 )
identically.
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: ( 7.4 )
In contrast with the covariant-gauge case, T

is traceless. One calculates the 2-point
functions of T






































(y) i = (D   26)

(x  y) + local terms; ( 7.7 )
where the Fourier transform of 












term of (7.7) is called the conformal anomaly.













is the quantity dened in (6.1). Hence (7.7) is essentially nothing but (6.7).




is dierent from T

; the latter only is the sensible quantity
in the exact theory. It is an accidental coincidence that both (6.7) and (6.10) are
proportional to D   26.
The inadequacy of the perturbative approach can clearly be seen by considering
other anomalies. The FP-ghost number current anomaly
6
is obtained by calculating

























(y) i = 0: ( 7.9 )


















































= 0: ( 7.10 )
The non-existence of the FP-ghost number current anomaly is quite consistent with the
exact solution given in Sec. 5. Thus perturbative approach is quite misleading.
{ 15 {
8. Discussion
In his paper entitled \Quantum gravity in two dimensions",
19
Polyakov wrote \The







where it becomes a free eld action. Unfortunately this
simplicity is an illusion." And he adopted the light-cone gauge. Even if we employ the
BRS quantization, the conformal-gauge two-dimensional quantum gravity becomes a
free eld theory if the B-eld is discarded. Nevertheless, the critical dimension D = 26
is obtained in this model. In the present paper, we have claried why such a paradoxical
phenomenon happens. Our conclusion is as follows.
The eld equation (6.1) for the B-eld suers from the eld-equation anomaly.
That is, (6.1) is valid at the level of operator algebra, but it is violated modulo (6.3) at
the level of the representation in terms of state vectors. Therefore, if one discards the
B-eld under the understanding that (6.1) is nothing more than a denition of the B-
eld, one necessarily misses the existence of the eld-equation anomaly. We have found
that (6.1) is not a mere dening equation: It is not a trivial statement to set up an
equality between a fundamental eld, which is a BRS transform of the FP-antighost,
and a certain composite operator, which has no linear term of fundamental elds. The
anomalous behaviors of the conformal-gauge two-dimensional quantum gravity are the
consequence of the eld-equation anomaly for (6.1). The reason why people have never
been aware of this fact is that they always adopted the path-integral type approach
so that they could not clearly distinguish the operator level and the representation
level. Indeed, for instance, Fujikawa
2
eliminates the B-eld at the rst step, so that the
relevance of (6.1) to the anomaly is not explicitly recognized in his calculation.
In the conformal gauge, the eld-equation anomaly seems to be always proportional
to D   26. This is a very special situation of the conformal gauge. What is obtained
from perturbative approach, however, is not identical with this \D   26". That is, the
formula (7.7) which gives the \conformal anomaly" precisely proportional to D  26 is,
owing to (7.8), nothing but (6.7) but not (6.10). As discussed in our previous papers,
9, 20
the nonlocal term called \conformal anomaly" is produced by the operation =g^

. This
fact is more clearly seen in the FP-ghost number current anomaly: While the exact
solution given in Sec. 5 is completely consistent with the FP-ghost number conservation,
the perturbative approach implies the existence of its anomaly.
6
This paradoxical result
can be explained by recognizing that the FP-ghost number current anomaly has been
{ 16 {








Anyway, the conformal-gauge two-dimensional quantum gravity implies the exis-
tence of the led-equation anomaly proportional to D  26. Thus at the critical dimen-
sion D = 26 the eld-equation anomaly is absent in the conformal gauge. This fact is
quite natural because the conformal-gauge two-dimensional quantum gravity, which is
denable only in the strictly two-dimensional case, is a theory lying in between the string
theory of nite length and the covariant (de Donder)-gauge two-dimensional quantum
gravity.
Finally, we note that in the conformal gauge perturbative approach is stable in
contrast with the case of covariant gauge. This is due to the fact that the gauge-
xing Lagrangian density in the conformal gauge contains no linear term in the sense of
perturbation theory. In the de Donder-gauge case,
9













changes the quadratic part of the FP-ghost Lagrangian density, which contributes to
the \conformal anomaly".
21




appearing in the right-hand side of (8.1) is the intrinsic B-eld,






It should be noted,
however, that in contrast with the de Donder-gauge case, it is impossible to dene the
intrinsic B-eld in the conformal-gauge case because in the latter
p
 g is not available
so that we cannot dene the action invariant under the intrinsic BRS transformation
(ib

is the intrinsic BRS transform of the FP antighost). All such circumstances are
quite consistent with the stability of D   26 in the conformal gauge.
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